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Abstract In this paper we describe a multiple-access protocol in which different users are
assumed to share the same bandwidth and the same pulse. Users employ the same modula-
tion (binary-phase shift keying, quadrature-phase shift keying, and rectangular-phase shift
keying are considered) with different transmitted magnitude, and are discriminated on the
basis of the corresponding magnitude at receiver location. Conditions for user discrimination
are analyzed. The proposed receiver uses successive decoding in order to avoid exponential
complexity of maximum-likelihood decoding. Such a scheme, compared to orthogonal mul-
tiaccess schemes (e.g. time- or frequency-division multiple access) allows to achieve larger
normalized throughput for systems operating in large signal-to-noise ratio range, and may be
jointly applied with classical protocols in personal-area networks. Analytical and numerical
results, in terms of bit error rate and normalized throughput, are derived for performance
evaluation on additive white Gaussian noise channels.

Keywords Amplitude modulation · Bit error rate · Multiple access ·
Normalized throughput · Successive decoding

1 Introduction

Classical multiple access systems for communication are based on time, frequency or code
division. Their advantages and disadvantages have been discussed in the classical literature
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234 P. Salvo Rossi et al.

[1–4]. The increasing demand of bandwidth in modern applications requires to consider
scenarios in which resources allocable with the classical schemes have been saturated. In
such cases, several users may need to use simultaneously the same bandwidth with the same
baseband pulse and still be able to get multiple access at the receiver. Moreover, in personal-
area networks and sensor networks, the infrastructure availability is often not known a priori
and simple access schemes are desirable.

Bandwidth-Efficient Multiple Access (BEMA) was recently introduced [5,6] as a tech-
nique to achieve minimum spectral occupancy with given Quality-of-Service constraints
usually expressed in terms of power limitations. BEMA framework includes Time-Division
Multiple Access (TDMA) and Frequency Division Multiple Access (FDMA) at one hand,
and Identical Waveform Multiple Access (IWMA) at the other hand, as special cases. In
[7], signal design and power control are combined for multiuser linear receivers: the goal
is the minimization of the processing gain (i.e. the spectral occupancy) while guaranteeing
given Quality-of-Service constraints in terms of Signal-to-Interference Ratio (SIR). Such an
approach differs from BEMA, as compared in [8], as it focuses on sum capacity maximiza-
tion (while BEMA focuses on a set of QoS) and also employs a linear receiver (while BEMA
employs a decision-feedback receiver).

Tested on different scenarios with several power disparities and both symmetric and asym-
metric SIR constraints, BEMA has shown to be superior to the other techniques. This paper
explores a complementary problem: the spectral occupancy is fixed (we only consider one-
dimensional and two-dimensional modulations), while power allocation is exploited to allow
simultaneous transmissions among users. More specifically, we explore a multiple access
scheme that allows several users to transmit simultaneously with the same baseband pulse
according to one of the following formats: binary phase-shift keying (BPSK), quadrature-
phase shift keying (QPSK), rectangular-phase shift keying1 (RPSK). The receiver sees a
structured multi-user constellation, and the information transmitted by each user is recov-
ered exploiting the differences in the received energy from each user. Such a system, here
called Energy-Division Multiple Access (EDMA) and IWMA in [5,6], essentially manages
multiple access via a slight generalization of the power control procedures [9,10]. From the
receiver point of view, the resulting EDMA constellation is equivalent to single pulse ampli-
tude modulation (PAM) signaling (resp. quadrature amplitude modulation (QAM) signaling)
if the single user employs BPSK (resp. QPSK or RPSK), but such a constellation is obtained
as a superposition of several single-user constellations. The presence of a multiuser scenario
imposes appropriate constraints to make the receiver problem solvable. EDMA may also be
viewed as a technique for Trellis Coded Multiple Access (TCMA) [11], since superposition is
used to build one equivalent multi-user constellation from single-user constellations. TCMA
is used in order to obtain non-equiprobable constellation and approach channel capacity [12],
with various design criteria provided in [13].

Preliminary results for the average performance of BPSK-EDMA has been discussed in
[14,15]. In this paper, bit error rate (BER) vs. signal-to-noise ratio (SNR) curves for uncoded
transmissions over an additive white Gaussian channel (AWGN) are analytically derived
(also confirmed by computer simulations) and compared for BPSK-EDMA, QPSK-EDMA,
and RPSK-EDMA. More specifically, the contributions of this paper are: (i) to find the con-
dition such that EDMA is possible with simple reception, i.e. using successive decoding
thus avoiding Maximum Likelihood (ML) decoding; (ii) to provide analytic expression for
the performance of EDMA in terms of BER for each single user as well as the average
performance of the whole system; (iii) to compute numerically the average performance of

1 It will be better defined in Sect. 2.
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EDMA in terms of normalized throughput of the system. The rest of the paper is organized
as follows: Sect. 2 presents the system model; the analytical conditions that make EDMA
feasible are described in Sect. 3; in Sect. 4 the average and the single-user performance are
derived analytically; Sect. 5 compares and comments the performance of different system
configurations; some concluding remarks are given in Sect. 6.

Notation - upper-case bold letters denote matrices with An,m denoting the (n, m)th entry
of A; lower-case bold letters denote column vectors with an denoting the nth entry of a; �(a)

and �(a) denote the real and the imaginary parts of a, respectively; |a| denote the absolute
value of a; j denotes the imaginary unit; 1N and 0N denote column vectors of length N whose
entries are 1 and 0, respectively; IN denotes the identity matrix of order N ; I (a)

N denotes the
anti-identity matrix of order N ; (.)T denotes the transpose operator; ⊗ denotes the Kronecker
product; diag(A, n) denotes a column vector containing elements from the nth diagonal of A
with n = −(N − 1), . . . , 0, 1, . . . , (N − 1) for N × N matrices (e.g. diag(A, 0) is the main
diagonal); N (μ, σ 2) denotes a normal distribution with mean μ and variance σ 2; NC(μ,�)

denotes a circular symmetric complex normal distribution with mean vector μ and covariance
matrix �; the symbol ∼ means “distributed as”; calligraphic letters denote subsets with |A|
denoting the cardinality of A; × denotes the cartesian product between sets.

2 System Model

We consider a set of N users transmitting to a single receiver over a multiple-access channel
using simultaneously the same pulse. With multiple-access channel we mean the possibility
to implement a multiple-input single-output channel where the multiple inputs refer to dif-
ferent users, as shown in Fig. 1. Although our approach can be applied to more sophisticated
scenarios, we focus here, for sake of clarity, on the simplest case in which users transmissions
are assumed synchronous at the receiver. It is worth noticing that synchronism is feasible
(having the same requirements as for TDMA), more details on synchronization techniques
may be found in [16]. The analysis of synchronization errors and their effects are beyond the
scope of this paper.

The baseband discrete-time signal, after matched filtering and sampling at the symbol
rate, is written as

y =
N∑

n=1

gn xn + w = gT x + w , (1)

where w ∼ N (0, σ 2) is the overall additive noise, xn and gn are the modulated symbol of
the nth user and the corresponding gain at the receiver, x = (x1, . . . , xN )T is the transmis-
sion vector, and g = (g1, . . . , gN )T is the gain vector. Each gain should be expressed as
gn = hn

√
En , i.e. depending on En and hn , denoting respectively the transmitted energy per

Fig. 1 Multiple-access channel
with N users
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bit and the channel coefficient experienced by the nth user. However, throughout the paper
we limit our analysis to the AWGN channel, i.e. hn = 1 and gn ∈ R, that allows to study
the fundamental properties of the model, leaving the extension to fading channels to future
work. Also we define the average energy per bit spent on each channel use as

Eav = 1

N

N∑

n=1

En ,

while the user SNR and the average SNR are defined respectively as

�n = En

2σ 2 , �av = Eav

2σ 2 .

We consider the case of uncoded transmission with BPSK and QPSK modulation for
the single user. In the BPSK case a single bit bn is mapped into the transmitted symbol
xn = 2bn −1; in the QPSK case a pair of bits (b′

n, b′′
n) is mapped into the transmitted symbol

xn = (2b′
n −1)+ j (2b′′

n −1). As bits and symbols are mapped to each other biunivocally, we
will often confuse them in the following. BPSK-EDMA refers to the case in which xn ∈ {±1}
and En = g2

n . QPSK-EDMA refers to the case in which xn ∈ {±1± j} and En = g2
n , i.e. each

user uses the same BPSK modulation on both in-phase and quadrature components. Finally,
we consider the case in which each user uses two different BPSK modulations on in-phase
and quadrature components, respectively with gains g(I )

n and g(Q)
n , denoted Rectangular

Phase Shift Keying (RPSK). Mapping between bits and symbols is the same as for QPSK,
thus RPSK-EDMA refers to the case in which xn ∈ {±1± j} and En = ((g(I )

n )2 +(g(Q)
n )2)/2,

while the model in Eq. (1) is replaced with

y =
N∑

n=1

(
g(I )

n �(xn) + jg(Q)
n �(xn)

)
+ w . (2)

It is worth noticing that QPSK-EDMA matches both the models in Eqs. (1) and (2) with
gn = g(I )

n = g(Q)
n .

The problem of recovering x from the scalar y appears though, since users transmit at
same time, on the same band and with same code, i.e. a degenerate overloaded CDMA system
[17,18]. However, the contributions from different users can in fact be discriminated on the
basis of their energy because if users are at different distances from the receiver, they should
be naturally differentiable on the basis of their received magnitude. Although it may appear
that the system employs a classical 2N -ary linear modulation scheme, the novel point of
view is that the generic symbol of the constellation at the receiver is built upon contributions
from different users, each acting on a different digit depending on the corresponding energy.
The structure of the decision-feedback receiver considered for BPSK-EDMA is shown in
Fig. 2, where x̂n denotes the estimate for the symbol xn . The properties of the gain vector g
to make reception feasible are studied in the next section. The structure of the receiver for
QPSK-EDMA and RPSK-EDMA is obtained straightforward.

3 Separability

First we consider that each user adopts BPSK modulation, i.e. xn ∈ {±1}. The 2N configu-
rations of x constitute the 2N -ary equivalent PAM constellation, X = gT x ∈ {s1, . . . , s2N }.
Figure 3 shows the case for N = 3. The association of the scalar value y to a constel-
lation point is feasible if there is a one-to-one mapping between X and x, i.e. no pair of
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Fig. 2 Decision-feedback
receiver for BPSK-EDMA

bit configurations can correspond to the same constellation point. It is easy to show the
equivalence of such property with the following Separability Condition

N∑

n=1

vngn 	= 0 , (3)

for each combination with vn ∈ {−1, 0,+1} except the one with all null coefficients [19].
The separability condition means that two different symbol configurations (i.e. bit configura-
tions) xi and x j must correspond to two different constellation points si and s j . Even if such
a condition is satisfied, the constellation points may still be very confused on the observation
axis, and the association of the constellation point to users bits may be somewhat cumber-
some. Assuming, without loss of generality, that gains are ranked as 0 < g1 < · · · < gN , a
sufficient condition to satisfy separability for all users is

gn >

n−1∑

m=1

gm n = 2, . . . , N . (4)

Such a constraint allows conditional separability of each user on the decision taken on the
previous ones: users may be decoded with a successive cancellation scheme going from user
N to user 1. In such case, successive cancellation scheme is the optimum decoding strategy.
Equation (4) as sufficient condition for separability has been previously derived within an
overloaded CDMA scenario [18] and also discussed in [14,15]. Also, it guarantees asymptotic
(for noise variance going to 0) vanishing BER for all users [20].

Since asymptotic BER depends essentially on the minimum distance among constellation
points, users can share similar asymptotic performances if the overall PAM constellation is
constrained to be uniform. Regularly-spaced overall PAM constellation is obtained if

gn = d

4
2n, (5)
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Fig. 3 Tree structure for a BPSK-EDMA system with 3 users

where d denotes the distance between two adjacent symbols in the PAM constellation. Note
that no Gray coding is allowed because the code is imposed by the linear mapping as shown
in Fig. 3. The extension to two-dimensional modulation is straightforward, and regularly
QAM is obtained if

g(I )
n = d

4
2n , g(Q)

n = d

4
2n ,

representing the QPSK-EDMA case, in which both the in-phase and quadrature components
follows the same ordering with the user index n, or if

g(I )
n = d

4
2n , g(Q)

n = d

4
2N−n+1 ,

representing the RPSK-QPSK case, in which the in-phase and quadrature components fol-
lows a reversed ordering with the user index n. It is worth noticing that the RPSK-EDMA, due
to the reversed ordering of the two components, reduces the difference among the requested
energy per user, thus improving the fairness of the system.

4 Performance Analysis

System performance will be evaluated in terms of average-user BER and single-user BER,
in the following denoted as Pe,av and Pe(n), respectively. The former accounts for the error
rate on the user bits averaging the behavior of all the users in the systems, the latter accounts
for the error rate on the user bits of a specific user. Average-user BER is related to single-user
BER via Pe,av = (1/N )

∑N
n=1 Pe(n), or alternatively may be directly computed as the ratio

between the average number of bits in error over the number of transmitted bits.
Average-user BER will be evaluated with respect to (w.r.t.) average SNR, while single-

user BER will be evaluated w.r.t. both average SNR and user SNR. In the BPSK-EDMA
case, from Eq. (5), average SNR and user SNR are computed respectively as

�av = 22N − 1

12N

d2

2σ 2 , �n = 3N22(n−1)

22N − 1
�av . (6)

In the QPSK-EDMA, each user transmits two bits with double energy per channel use w.r.t.
the BPSK-EDMA, thus average SNR and user SNR are the same as in Eq. (6). In the RPSK-
EDMA case, average SNR is the same as for QPSK-EDMA, expressed by Eq. (6), while user
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SNR is

�n = 3N

22N − 1

(
22n−3 + 22N−2n−1

)
�av . (7)

4.1 Performance of BPSK-EDMA

Exploiting the tree structure of the overall PAM in Fig. 3, average-user BER may be directly
computed as

Pe,av ≈ 2N+1 − (N + 2)

N2N
erfc

(√
3N

22N − 1
�av

)
, (8)

where erfc(x) = 2√
π

∫ +∞
x exp(−t2)dt . The derivation is shown in App. A.

Exact single-user BER may be evaluated along the same lines of [21], e.g. the error proba-
bility of the farthest and the nearest users,2 denoted respectively Pe(1) and Pe(N ), are found
to be

Pe(1) = 1

2N

2N −1∑

n=1

(−1)n−1(2N − n)erfc

⎛

⎝
√

3N (2n − 1)2

22N − 1
�av

⎞

⎠ ,

Pe(N ) = 1

2N

2N−1∑

n=1

erfc

⎛

⎝
√

3N (2n − 1)2

22N − 1
�av

⎞

⎠ .

However, exploiting the tree structure of the overall PAM in Fig. 3, a closed-form approximate
expression for the single-user BER is easily found to be

Pe(n) ≈ 2N−n+1 − 1

2N
erfc

(√
3N

22N − 1
�av

)
. (9)

The derivation is shown in App. B. Equations (6) and (9) provide the single-user BER w.r.t
user SNR

Pe(n) ≈ 2N−n+1 − 1

2N
erfc

(√
1

22(n−1)
�n

)
. (10)

4.2 Performance of QPSK-EDMA

Analogously to the case for BPSK modulation, average-user BER may be directly computed
referring to the tree structure of the overall QAM shown in Fig. 4, obtaining

Pe,av ≈ sq(N )

2N22N
erfc

(√
3N

22N − 1
�av

)
, (11)

where

sq(N ) = u(N )T c(2N ) + v(N )T (c(N ) ⊗ 12N ) ,

u(N ) =
(

1T
2N −2, 0, 0, (1T

2N −1, 0) ⊗ 1T
2N −2, 1T

2N −2

)T
,

v(N ) =
(

1T
2N (2N −2)

, 0, 1T
2N −2, 0

)T
.

2 It is worth noticing that farthest and nearest refer to the signal level, not to the physical distance.
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Fig. 4 Tree structure for a
QPSK-EDMA system with 2
users

The derivation is shown in App. C.
Again, exploiting the tree structure of the overall QAM shown in Fig. 4, closed-form

approximate expression for the single-user BER is found to be the same as in Eq. (9). The
derivation is shown in App. D. Analogously the single-user BER w.r.t user SNR are the same
as in Eq. (10).

4.3 Performance of RPSK-EDMA

The overall QAM constellation for the RPSK-EDMA is the same of the QPSK-EDMA. The
only difference is that QAM symbols are mapped differently to the user bits, as shown in
Fig. 5. Average-user BER is the same as for QPSK-EDMA, expressed by Eq. (11).

Closed-form approximate expression for the single-user BER w.r.t. average SNR is found
as

Pe(n) ≈ 2N−n + 2n−1 − 1

2N
erfc

(√
3N

22N − 1
�av

)
, (12)

The derivation is shown in App. E. Equations (7) and (12) provide the single-user BER w.r.t
user SNR

Pe(n) ≈ 2N−n + 2n−1 − 1

2N
erfc

(√
1

22n−3 + 22N−2n−1 �n

)
. (13)

Fig. 5 Tree structure for a
RPSK-EDMA system with 2
users
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5 Comparison

System performance have been verified via computer simulations using the software Matlab
for QPSK-EDMA and RPSK-EDMA (being performance of BPSK-EDMA equal to the per-
formance of QPSK-EDMA). Analytical and numerical results, for systems with 2 and 3 users,
have shown excellent agreement: in order to save space we omit figures comparing analytical
and numerical performance.

Figures 6 and 7 show the performance of the single user w.r.t. average SNR and user SNR,
for systems with N = 2 (plotted with blue lines) and N = 3 users (plotted with red lines).
In the 2-user case, the first user and the second user are represented with x-marks (×) and
plus (+), respectively. In the 3-user case, the first user is represented with diamonds (♦),
the second user with squares (�), and the third user with circles (◦). As comparison term,
in black with dotted line and asterisks (∗), both figures show the performance of a system
with arbitrary number of users adopting classical TDMA for channel sharing with QPSK
modulation; such a system has the same performance of an EDMA system with N = 1
user.

More specifically, Fig. 6 is obtained with use of Eqs. (9) and (12). It is apparent how
the average performance of the system degrades with the number of users almost 4 dB per
additional user for limited number of users N , while asymptotic (with very large number of

users N ) loss is almost 6 dB, obtained via Eq. (11) as limN→∞ 3N (22(N+1)−1)

3(N+1)22N −1
, neglecting the

coefficient sq (N )

2N22N . Also, it is apparent how the performance of each user in the RPSK-EDMA
case are close to the average performance of the system, while in the QPSK-EDMA case
they are more spread although achieving the same average performance, i.e. RPSK-EDMA
improves fairness w.r.t. QPSK-EDMA as expected.

Figure 7 is obtained with use of Eqs. (10) and (13) and shows several aspects. Firstly,
referring to the QPSK-EDMA case, it is apparent how the performance of the first user are
practically the same independently of the number of users N . Furthermore, it is apparent
how the (n + 1)th user is almost 6 dB away from the nth user, also obtained comparing

�n and �n+1 in Eq. (10) and neglecting the coefficient 2N−n+1−1
2N . In other words, an addi-

tional user willing to enter the system needs to pay a big price to make EDMA work, i.e.
entering a system with N user he spends 6N dB more than the case in which he is transmit-
ting alone. Secondly, referring to the RPSK-EDMA case, again it is apparent how fairness
is improved having user performance more similar each other than in the QPSK-EDMA
case.

It is worth noticing that in an RPSK-EDMA system with N = 2 users, both first and
second users have equal performance. Also, such performance matches the average-user
performance of the corresponding QPSK-EDMA system. Analogously, in an RPSK-EDMA
system with N = 3 users, both first and third users have equal performance, while the second
user has the same performance as the second user of the corresponding QPSK-EDMA system
(again matching the average-user performance).

In order to evaluate the effective advantage of using EDMA, we have compared the nor-
malized throughput η of systems using QPSK-EDMA, RPSK-EDMA with a system using
TDMA with QPSK modulation. Similarly to [22], assuming that each user transmit pack-
ets containing L symbols, the normalized throughput of the overall system is computed
as

η =
N∑

n=1

2(1 − Pe(n))L ,
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(a)

(b)

Fig. 6 BER performance w.r.t. average SNR. EDMA systems with N = 2 and N = 3 users compared to
TDMA

and plotted in Fig. 8 w.r.t. average SNR for L = 100. It is apparent how for large
SNR it is better from the overall system point of view to have more users sharing the
same time-frequency-code resource via QPSK-EDMA (the larger SNR, the more users),
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(a)

(b)

Fig. 7 BER performance w.r.t. user SNR. EDMA systems with N = 2 and N = 3 users compared to TDMA

and also how RPSK-EDMA preserves fairness issues with negligible degradation. More
specifically, if the SNR is large enough, EDMA with N users allows to increase N times
the normalized throughput w.r.t. to classical TDMA. On the other hand we must say that
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Fig. 8 Performance comparison in terms of normalized throughput. EDMA systems with N = 2 and N = 3
users compared to TDMA

EDMA may be used when users do not have energy constraints, alternatively practical
energy constraints may limit the number of users employing EDMA. Also, it is worth
noticing that RPSK-EDMA increases system fairness for a short-time range, however
in a long-time range users will experience different battery lives (as for BPSK-EDMA
and QPSK-EDMA), thus periodic rotation of the signal levels may be required. Further-
more, the receiver could select the number of users to detect depending on the signal lev-
els, resulting in a system with variable “resolution” (with resolution related to detectable
users).

Finally, we would like to point out that: (i) in a flat-fading environment the structure of
the constellation would be destroyed thus the proposed scheme may appear useless, however
(in slow fading environments) channel state information may be available both at transmit-
ter and receiver sides, thus the transmitter side could employ channel inversion in order
to compensate for the distortion of the constellation and obtain a regular constellation at
receiver location; (ii) in a frequency-selective fading environment, OFDM can be considered
to change the dispersive channel into several flat-fading subchannels, and then EDMA may
be directly applied on each subcarrier. It is worth noticing that assuming a system with M
subcarrier, then Eq. (1) will change into

y(m) =
N∑

n=1

g(m)
n x (m)

n + w(m) =
N∑

n=1

h(m)
n

√
E(m)

n x (m)
n + w(m) , m = 1, . . . , M ,

with obvious meaning of the notation. It is apparent how the presence of both the channel
coefficients and the multiple subcarriers introduce the possibility of resource optimization
while preserving fairness issues, however the effects of fading on the performance of the
system is left for future work.
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6 Conclusion

Multiple access on the same band and with the same pulse is feasible with low-complexity
reception schemes, using successive decoding, if users magnitudes are properly chosen. Con-
ditions on magnitudes are derived in order to separate each user, revealing its contribution
from the aggregate received symbol. Performance of such a scheme, denoted EDMA, has
been derived for uncoded transmission over AWGN channels, both in terms of BER and
normalized throughput. Multi-user systems in which each user employs BPSK, QPSK and
RPSK modulation has been considered, showing performance from the point of view of both
the system and the single user. Large gains in terms of normalized throughput are achieved
in large SNR regime in comparison to classical TDMA.

A Average-User Performance of BPSK-EDMA

In order to have compact notation, we define the following integrals

q(1) = Pr(N (0, σ 2) < d/2)

= 1 − 1

2
erfc

(√
3N

22N − 1
�av

)
,

q(2) = Pr(|N (0, σ 2)| < d/2)

= 1 − erfc

(√
3N

22N − 1
�av

)
,

q(3) = Pr(|N (0, σ 2) − d| < d/2)

= 1

2
erfc

(√
3N

22N − 1
�av

)
− 1

2
erfc

(√
27N

22N − 1
�av

)
,

q(4) = Pr(N (0, σ 2) > d/2)

= 1 − q(1) ,

The code induced by the gains defined in Eq. (5) has a tree structure with the farthest
user corresponding to the least significant bit, as shown in Fig. 3. Assuming uniform a priori
probabilities, we have

Pe,av = 1

N

1

2N

2N∑

i=1

2N∑

j=1

Pi, j Ei, j , (14)

where Pi, j (entry of the channel matrix P) represents the probability that the symbol s j of
the overall PAM is received when the symbol si has been transmitted; and Ei, j (entry of the
bit-error matrix E) is the corresponding number of bits in error. Under the assumption that the
errors only occur between adjacent symbols on the overall PAM (large SNR approximation),
the channel matrix P can be approximated with a 2N ×2N tri-diagonal matrix. All entries of P
are null with exception of p(0) = diag(P, 0), p(1) = diag(P, 1), p(−1) = diag(P,−1),
thus Eq. (14) becomes

Pe,av ≈
(
e(0)T p(0) + e(1)T p(1) + e(−1)T p(−1)

)

N2N
, (15)
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where e(0) = diag(E, 0), e(1) = diag(E, 1), e(−1) = diag(E,−1). Closer view of the
tree structure of the overall PAM in Fig. 3 easily shows that

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

p(0) =
(

q(1), q(2)1T
2N −2

, q(1)

)T

p(1) =
(

q(3)1T
2N −2

, q(1)

)T

p(−1) = I (a)
2N −1

p(1)

,

⎧
⎨

⎩

e(0) = 02N

e(1) = c(N )

e(−1) = c(N )

,

where c(N ) may be computed inductively as c(n) = (
c(n − 1)T , n, c(n − 1)T

)T
with c(1) =

1, see also [14,15]. Finally, replacing the corresponding expressions for the vectors in Eq. (15),
we obtain

Pe,av ≈ 1

N

1

2N−1

(
q(3)1T

2N −2, q(4)

)
c(N ) ,

and noticing that 1T
2N −1

c(N ) = 2N+1 − (N + 2), then Eq. (8).

B Single-User Performance of BPSK-EDMA

Due to the symmetry of the overall PAM constellation, the performance of the nth user
may be evaluated as the conditional probability of the nth user being in error given that it
has transmitted the bit 0. Denote S0(n) and S(c)

0 (n) the subset of the symbols correspond-
ing to 0 transmission by the nth user and the subset of the remaining symbols, respec-
tively. Assuming uniform a priori probabilities and noticing that |S0(n)| = 2N−1, we
have

Pe(n) = 1

2N−1

∑

s∈S0(n), ŝ∈S(c)
0 (n)

Pr(s, ŝ) ,

where ŝ denote the decoded symbol. Under large SNR approximation, we can assume
again that errors happen only between adjacent symbols. It is worth noticing that
1
2 erfc

(√
d2

8σ 2

)
represents the dominant term for the probability of confusing two adja-

cent symbols whose distance is d when noise variance is σ 2, irrespectively if they are

inner symbols or not. Denoting D(n) =
{
(s, ŝ) ∈ S0(n) × S(c)

0 (n) : s and ŝ are adjacent
}

,

we only need to count the number of elements in D, thus denoting �D(n) = |D(n)| we
have

Pe(n) ≈ �D(n)

2N
erfc

⎛

⎝
√

d2

8σ 2

⎞

⎠ .

Simple inspection of the sets S0(n) and S(c)
0 (n), depicted in Fig. 9 for a system with 3 users,

shows that �D(n) = 2N−n+1 − 1, finally having Eq. (9).
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(a) (b)

(c)

Fig. 9 Signal constellation for 3-user BPSK-EDMA. Red asterisks represent all the constellation, blue circles
represent the symbols belonging to S0(n)

C Average-User Performance of QPSK-EDMA

In order to have compact notation, we define the following integrals

qCo = Pr(�(NC(02, σ
2 I2)) > d/2,�(NC(02, σ

2 I2)) > d/2)

= q2
(4) ,

qLh = Pr(�(NC(02, σ
2 I2)) < d/2, |�(NC(02, σ

2 I2)) − d| < d/2)

= q(1)q(3) ,

qLp = Pr(|�(NC(02, σ
2 I2))| < d/2,�(NC(02, σ

2 I2)) > d/2)

= q(2)q(4) ,

qIn = Pr(|�(NC(02, σ
2 I2))| < d/2, |�(NC(02, σ

2 I2)) − d| < d/2)

= q(2)q(3) .

Analogously to the case for BPSK modulation, referring to the tree structure in Fig. 4,
assuming uniform a priori probabilities, we have

Pe,av = 1

2N

1

22N

22N∑

i=1

22N∑

j=1

Pi, j Ei, j , (16)
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with analogous meaning for Pi, j and Ei, j . Again we assume that errors only occur between
adjacent symbols on the overall QAM (large SNR approximation), thus the channel matrix
P can be approximated with a 22N × 22N matrix with 5 diagonals containing non-
zero entries: p(0) = diag(P, 0), p(1) = diag(P, 1), p(2N ) = diag(P, 2N ), p(−1) =
diag(P,−1), p(−2N ) = diag(P,−2N ), thus Eq. (16) becomes

Pe,av = 1

2N

1

22N

(
e(0)T p(0) + e(1)T p(1) + e(2N )T p(2N )

+ e(−1)T p(−1) + e(−2N )T p(−2N )
)

, (17)

where

e(0) = diag(E, 0) ,

e(1) = diag(E, 1) ,

e(2N ) = diag(E, 2N ) ,

e(−1) = diag(E,−1) ,

e(−2N ) = diag(E,−2N ) .

Closer view of the tree structure of the overall QAM easily shows that

p(0) =
(

pT
(1)(0), pT

(2)(0), . . . , pT
(2N )

(1)
)T

,

p(1) =
(

pT
(1)(1), pT

(2)(1), . . . , pT
(2N )

(1)
)T

,

p(2N ) =
(

pT
(1)(2

N ), pT
(2)(2

N ), . . . , pT
(2N −1)

(2N )
)T

,

p(−1) = I (a)
22N −1

p(1) ,

p(−2N ) = I (a)
22N −2N p(2N ) ,

and

e(0) = 022N ,

e(1) = c(2N ) ,

e(2N ) = c(N ) ⊗ 12N ,

e(−1) = c(2N ) ,

e(−2N ) = c(N ) ⊗ 12N ,

where

pT
(n)(0) =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

(
q2
(1), q(1)q(2)1T

2N −2
, q2

(1)

)
n = 1(

q(1)q(2), q2
(2)1

T
2N −2

, q(1)q(2)

)
n = 2, . . . , 2N − 1(

q2
(1), q(1)q(2)1T

2N −2
, q2

(1)

)
n = 2N

pT
(n)(1) =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

(
qLh1T

2N −2
, qCo, 0

)
n = 1(

qIn1T
2N −2

, qLp, 0
)

n = 2, . . . , 2N − 1(
qLh1T

2N −2
, qCo

)
n = 2N
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pT
(n)(2

N ) =
⎧
⎨

⎩

(
qLh, qIn1T

2N −2
, qLh

)
n = 1, . . . , 2N − 2(

qCo, qLp1T
2N −2

, qCo

)
n = 2N − 1

Finally, replacing the corresponding expressions for the vectors in Eq. (17), we obtain

Pe,av ≈
(

p(1)T c(2N ) + p(2N )T (c(N ) ⊗ 12N )
)

2N22N−1 ,

and then Eq. (11).

D Single-User Performance of QPSK-EDMA

Again, due to the symmetry of the overall QAM constellation, the performance of the nth
user may be evaluated as the conditional probability of the nth user being in error given that
it has transmitted the bit couple 00. Denoting S00(n) and S(c)

00 (n) the subset of the symbols
corresponding to 00 transmission by the nth user and the subset of the remaining symbols,

(a) (b)

(c)

Fig. 10 Signal constellation for 3-user QPSK-EDMA. Red asterisks represent all the constellation, blue
circles represent the symbols belonging to S00(n)
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respectively, assuming uniform a priori probabilities, and being |S00(n)| = 22(N−1), under
large SNR approximation we have

Pe(n) ≈ �D(n)

22N−1 erfc

⎛

⎝
√

d2

8σ 2

⎞

⎠ ,

where D(n) =
{
(s, ŝ) ∈ S00(n) × S(c)

00 (n) : s and ŝ are adjacent
}

, and �D(n) = |D(n)|.
Looking at the structure of the sets S00(n) in Fig. 10, we can divide each set in 3 subsets: T1 one
containing the cluster of symbols on the left-lower corner, having adjacent symbols only on 2
sides (up and right); T2 containing the clusters of symbols on the left side and on the lower side,
having adjacent symbols on 3 sides (up, down, and right; up, left, and right); T3 containing the
remaining clusters of symbols, having adjacent symbols on 4 sides (up, down, left, and right).
Then, we compute �D(n) = α(n)a(n)+β(n)b(n)+γ (n)c(n), where: α(n), β(n), and γ (n)

are the number of symbols belonging to S(c)
00 (n) and adjacent to the single cluster in T1, T2,

and T3, respectively; a(n), b(n), and c(n) are the number of clusters in T1, T2, T3, respec-
tively. Inspection of Fig. 10 shows that α(n) = 2 · 2n−1, β(n) = 3 · 2n−1, γ (n) = 4 · 2n−1,
and also a(n) = 1, b(n) = 2 · (2N−n − 1), c(n) = 22(N−n) − 2 · 2N−n + 1, from which
�D(n) = 22N−n − 2N−1, and then Eq. 9.

(a) (b)

(c)

Fig. 11 Signal constellation for 3-user RPSK-EDMA. Red asterisks represent all the constellation, blue
circles represent the symbols belonging to S00(n)
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E Single-User Performance of RPSK-EDMA

Again, due to the symmetry of the overall QAM constellation, the performance of the nth
user may be evaluated as the conditional probability of the nth user being in error given that
it has transmitted the bit couple 00. Denoting S00(n) and S(c)

00 (n) the subset of the symbols
corresponding to 00 transmission by the nth user and the subset of the remaining symbols,
respectively, assuming uniform a priori probabilities, and being |S00(n)| = 22(N−1), under
large SNR approximation we have

Pe(n) ≈ �D(n)

22N−1 erfc

⎛

⎝
√

d2

8σ 2

⎞

⎠ ,

where D(n) =
{
(s, ŝ) ∈ S00(n) × S(c)

00 (n) : s and ŝ are adjacent
}

, and �D(n) = |D(n)|.
Looking at the structure of the sets S00(n) in Fig. 11, we can compute �D(n) = N (v)(n) +
N (h)(n), where N (h)(n) and N (h)(n) are the numbers of neighbors from S00(n) and S(c)

00 (n)

with vertical and horizontal alignment, respectively. Inspection of Fig. 11 shows that
N (v)(n) = 2N−1(2n − 1) and N (h)(n) = 2N−1(2N−n+1 − 1), from which �D(n) =
2N−n + 2n−1 − 1, thus Eq. 12.
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